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With the advent of high-precision frequency combs that can bridge large frequency intervals, new possibil- 
ities have opened up for the laser spectroscopy of atomic transitions. Here, we show that laser spectroscopic 
techniques can also be used to determine the ground-state g factor of a bound electron: Our proposal is based 
on a double-resonance experiment, where the spin state of a ground-state electron is constantly being read 
out by laser excitation to the atomic L shell, while the spin flip transitions are being induced simultaneously 
by a resonant microwave field, leading to a detection of the quantum jumps between the ground-state Zee- 
man sublevels. The magnetic moments of electrons in light hydrogen-like ions could thus be measured with 
advanced laser technology. Corresponding theoretical predictions are also presented. 



PACS: 12.20.Ds, 14.60.Cd, 31.30. Jv, 13.40.Em, 06.20. Jr, 31.15.-p 



Recently, there has been a dramatic progress in 
the precision laser spectroscopy of atomic transitions, 
■with uncertainties on the order of 10" 14 for two-photon 
transitions in hydrogen [1] and even 10" 17 for ultra- 
violet (UV) clcctric-quadrupole transitions in the mer- 
,cury ion [2] (statistical effects led to a limitation on the 
order of 10" 16 for the evaluation of the latter measure- 
ment). By contrast, microwave measurements of the 
bound-electron g factor in hydrogen-like ions O [H [5] 
have been restricted to a comparatively low level of ac- 
curacy, namely in the range of 10~ 10 , where the most 
accurate values have been obtained for bound electrons 
in hydrogen-like carbon 12 C 5+ and oxygen 16 7+ (for 
an introductory reviews on bound-electron g factors and 
various related experimental as well as theoretical tech- 
niques, see [SI OH]). It is tempting to ask if the accuracy 
gap between the two categories of measurements might 
leave room for improvement of the g factor determina- 
tion, as both measurements investigate the properties of 
bound electrons. More specifically, the question arises 
if the additional "channels" provided by laser excitation 
among the discrete states of the bound system, and the 
additional possibilites for the laser cooling of ions (fol- 
lowing the original ideas formulated in Refs. [[JJ [TTJ]). 
can be used as auxiliary devices to improve the accu- 
racy of the g factor determination via quantum jump 
spectroscopy. We also note that double-resonance tech- 
niques for stored ions have already been shown to open 
up attractive experimental possibilities with respect to 



hypcrfine transitions as well as electronic and nuclear g 
factors [HJG21Q3]. 

The bound-electron (Lande) gj factor for an electron 
bound in an ion with a spinless nucleus is the propor- 
tionality constant relating the Zceman energy AE in 
the magnetic field B (directed along the z axis) and the 
Larmor precession frequency ul to the magnetic spin 
projection rrij = — h, \ onto that same z axis. In natu- 
ral units (h = c = e = 1), we have 



AE = rrij ojl = rrij gj /is B . 



(1) 



where fig = —e/(2m e ) is the Bohr magneton, expressed 
in terms of the electron charge e and the electron mass 
m e . Deviations from the Dirac-Breit [H] prediction 
gj(lS) = 2(1 + 2^/1 - (Za) 2 )/3 are due to quantum 
electrodynamic (QED), nuclear and other effects. 

The purpose of this note is to answer the following 
question: "Is it possible to apply ultra-high precision 
atomic laser spectroscopy to bound-electron g factor 
measurements?" Our answer will be affirmative. 

In contrast to the continuous Stern-Gerlach ef- 
fect |15) . and complementing a recent proposal for a 
high-precision measurement of the g factor in a highly 
charged ion [16] , the current proposal is based on a Pen- 
ning trap and will be studied here in conjunction with 
the hydrogen- like helium ion 4 He + , which seems to be 
well suited for an experimental realization in the near 
future. The magnetic field strength B in the Penning 
trap can be calibrated via a measurement of the cy- 
clotron frequency w c of the trapped ion, and the Lande 
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g-factor for the bound electron is determined by the re- 
lation 

gi =2iZ-l)£-%, (2) 

™ion W c 

where the electron- ion mass ratio m e /mi on is an external 
input parameter and Z is the nuclear charge number. 

In a Penning trap, a single 4 He + ion is confined by a 
strong homogeneous magnetic field B in the plane per- 
pendicular to the magnetic field lines and by a harmonic 
electrostatic potential in the direction parallel to the 
field lines [17] . The three eigenmotions of a stored ion 
are the trap- modified cyclotron motion (frequency 
the axial motion (frequency lu z ), and the magnetron mo- 
tion (frequency ) . The free-space cyclotron frequency 
lo c = qB I m; on of an ion with charge q can be determined 
from the three eigcnfrcqucncies by [18] 

w? = w+ + w2+wi- ( 3 ) 

Experimentally, the eigcnfrcqucncies of the stored ion 
can be measured by non-destructive detection of the im- 
age currents which are induced in the trap electrodes by 
the ion motion. Measurements on the level of 5ui c /u> c = 
7 x 1CT 12 are achieved [TH [20l [21] by careful anhar- 
monicity compensation of the electrostatic trapping po- 
tential, optimizing the homogeneity and temporal sta- 
bility of the magnetic field close to the Penning trap's 
center, and cooling the motional amplitudes of the single 
trapped ion to low temperatures. Further optimization 
of experimental techniques should make it possible to 
reach an accuracy of (better than) 8lo c /lo c = 10~ 12 . In 
our proposed g factor measurement, advantage could be 
taken of the fact that two frequencies of the same par- 
ticle are measured simultaneously (cyclotron vs. spin- 
flip), whereas in a mass measurement, the cyclotron 
frequencies of two different particles have to be deter- 
mined. 

In the following, we concentrate on the 4 He + sys- 
tem, where the total angular momentum is equal to 
the total electron angular momentum J. In the pres- 
ence of the magnetic field B in the Penning trap, the 
Zeeman splitting of the electronic ground state 15i/ 2 
of the 4 He + ion is given by Eq. ([1]). Correspondingly, 
the excited state 2P 3 / 2 is split into four Zeeman sub- 
levels AE = m,j gj(2P 3 / 2 ) B, with mj = ±|,±|. 
The Lande g factor can be obtained easily according 
to a modified Dirac equation which forms a basis for 
bound-state analysis [22] 

9^ /2 ) = l + ^-^(Zaf, (4) 

where we take into account the leading QED and rel- 
ativistic contributions and use Z = 2 for the relativis- 



tic term of order (Za) 2 . Suppose now that one sin- 
gle 4 Hc + ion in the Penning trap is prepared in the 
Zeeman sublcvcl mj = +\ of the electronic ground 
state lSi/2- Narrow-band ultraviolet (UV) electromag- 
netic radiation with a + polarization and angular fre- 
quency lutjv = 2tt x 9.87 x 10 15 Hz drives the Lyman- 
a transition 15*1/2 { m j= + h) & 2P 3 / 2 (rn,=+§), see 
Fig. [T] This is a closed cycle because decay by emis- 
sion of a fluorescence photon is only possible to the ini- 
tial state IS1/2 {mj = +5) (if onG ignores one-photon 
ionization into the continuum). Due to the short life- 
time of the upper state r(2P 3 / 2 ) ~ 99.7 ps, the fluores- 
cence intensity of [2 r(2p 3 f 2 )] 1 ~ 5.01 x 10 9 photons/s 
under saturation conditions makes it possible to de- 
tect a single trapped ion with high sensitivity [23j . 
The Rabi frequency of the UV transition is given by 
^Rabi = 1-308 x 10 7 Hz y/Iuv, where iuv is measured in 
units of W/cm 2 . 

Building a continuous-wave (cw) laser that operates 
at the Lyman-a transition of 4 He + , with a wavelength 
of 30.37 nm, is certainly not a trivial task. However, a 
cw laser operating at the corresponding Lyman-a tran- 
sition for atomic hydrogen, with A = 121.56 nm, has 
already been demonstrated [24]. A possible pathway is 
higher-harmonic generation which has recently been de- 
scribed in Ref. [25] and leads to a pulsed UV excitation 
with a high repetition rate and a potentially discon- 
tinuous probing of the Zeeman ground-state sublevel. 
Note that a discontinuous probing of the ground-state 
sublcvcls docs not inhibit the quantum jump detection 
scheme as outlined below. Groundwork for a detailed 
analysis of the dynamics of a pulsed excitation scheme in 
a very much analogous atomic system has recently been 
laid in Ref. [26]; in principle, one only has to ensure 
that the light intensity of the Lyman-a source during a 
single laser pulse is sufficient to discern the presence or 
absence of fluorescence. 

During excitation of the transition 
IS1/2 ( m j— +1) & 2P3/2 ( m j~ +|) an d detection of 
the corresponding fluorescence photons, a microwave 
field with frequency wmw i n resonance with the spinflip 
transition 15*1/2 { m j = +h) ^ ^1/2 { m j = — \) hi 
the electronic ground state is irradiated on the single 
trapped 4 He + ion (Fig. [1]). Successful excitation 
of the spinflip transition results in an instanta- 
neous stop of the fluorescence intensity, because the 
lower Zeeman level 1 5*1/2 { m j = — i) is n °t excited 
by the narrow-band Lyman-a radiation. A quan- 
tum jump is thus directly observed with essentially 
100% detection efficiency [27] . A second spinflip 
15i/2 (rrij = — 5) — > 15*1/2 { m j = +5) restores the 
fluorescence intensity. A plot of the quantum jump rate 
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Laser-microwave double-resonance excitation scheme 
using circularly polarized UV light for excitation of 
the IS1/2 ^ 2P 3 / 2 transition and a microwave field 
for driving the spinflip transition IS1/2 (rrij = +5) <3> 

lSi/2 (iTij = -i). 



versus excitation microwave frequency at lumw ~ 
yields the resonance spectrum of the Larmor precession 
frequency. The cyclotron frequency u> Cl which also 
enters Eq. @, is measured simultaneously by non- 
destructive electronic detection of the image currents 
induced in the trap electrodes [5]. 

Absolute transition frequencies of 4 He + relevant to the 
excitation scheme given in Fig. [T] The Zeeman splitting 
is excluded. 

Nuclear charge radius lS^2P 3 / 2 frequency 
(r 2 ) 1 / 2 = 1.673(1) fm 9 868 722 559.240(237) MHz 
(r 2 ) 1 / 2 = 1.680(5) fm 9 868 722 558.650(477) MHz 




Schematic representation of the excitation scheme 
including ionization channels. The dotted line repre- 
sents the ionization continuu 
electronic continuum states. 



While the UV laser light drives the transition 
151/2 ( m i = + |) ^ 2P 3 /2 ("ij=+!), the absorption 
of an additional photon can take place, resulting in 
ionization through the channel 2P 3 / 2 (^j = +f) => 



eD 



5/2 



where eD are electronic continuum 



states (see Fig. [5]). For this process, we obtain an ioniza- 
tion cross section of 1.631 x 10~ 23 m 2 . This leads to an 
ionization rate of 71 = 2.495 x 10~ 2 s _1 x TtjVi where /tjv 
is the laser intensity measured in units of W/cm 2 , cor- 
responding to a depiction of the 2P 3 / 2 {mj = +§) state 
with a time-dependent exponential exp(— 7; t). Here, we 
use the notational conventions of Ref. [26] . In principle, 
since the ionization rate is proportional to the laser in- 
tensity, whereas the Rabi frequency is only proportional 
to its square root, it might be preferable to work at re- 
duced laser intensities in order to increase the lifetime 
of the hydrogen-like charge state of the ion. However, at 
an incident typical laser intensity of 100 W/cm 2 , the life- 
time of 4 He + is 0.401s against ionization, and this has 
to be compared to a Rabi frequency of 1.308 x 10 8 Hz. 
The 4 He + ion has about 10 8 Rabi cycles before it is 
ionized, and so the ionization channel does not limit 
the feasibility of the measurement at all. 

Finally, we take notice of the ac Stark shift of the 
1S'-2P transition due to non-resonant levels, which is 
0.0968 Hz x I\jy, with pjv given in W/cm 2 . The ac 
Stark shift of the UV transition affects the two ground- 
state Zeeman levels slightly differently, but the relative 
shift of the spinflip transition frequency between them 
is a fourth-order effect and is suppressed with respect 
to the ac Stark shift by a factor of ljl/wtjv < 10 -4 
and thus negligible on the level 10 -12 in units of the 
microwave frequency, at a typical laser intensity of 
100 W/cm 2 . Also, experimental procedures for previous 
g factor measurements [H [5] have included an extrapo- 
lation to zero intensity of the microwave fields, and the 
same can be done with the driving UV laser field in the 
proposed measurement scheme. Alternatively, one can 
perform the excitation of the Lyman-a and the spin- 
flip transitions in a time sequence, thus eliminating any 
systematic uncertainties of the g factor determination 
related to the intensity of the UV laser light. 

In order to lay a theoretical ground for the evalua- 
tion of the 4 He + measurement, we present theoretical 
predictions for the transition frequencies and for the g 
factor. According to the recent compilations [3TI 1321 133] . 
the ground state 4 He + Lamb shift values are C(1S) = 
107692.522(228) MHz for the "old" value [34] of the nu- 
clear charge radius (r 2 ) 1 / 2 = 1.673(1) fm and C(1S) = 
107693.112(472) MHz for the "new" value of the charge 
radius [35], which is ( r 2 ) 1/2 = 1.680(5) fm. (The un- 
certainty estimate for the "old" value has given rise 
to discussions, see Ref. [31].) For the 2P 3 / 2 states, 
the Lamb shift is independent of the current uncer- 
tainty in the nuclear radius on the level of one kHz and 
reads £(2P 3/2 ) = 201.168MHz (see Tables 3 and 4 of 
Ref. [33]). Using a proper definition of the Lamb shift 
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Individual contributions to the IS bound-electron g factor for 4 He + . In the labeling of the corrections, we 
follow the conventions of Ref. [28]. The abbreviations used are as follows: "h.o." stands for a higher order 
contribution, "SE" for a self energy correction, "VP-EL" for the electric-loop vacuum-polarization correction, 
and "VP-ML" for the magnetic-loop vacuum-polarization correction. The value of a -1 = 137.035 999 070(98) 
is the currently most accurate value from Ref. [29], whereas the value of a -1 = 137.035 999 11(46) is the 2002 
CODATA recommended value [30]. 



g factor contribution ( 4 He+) a" 1 = 137.035 999 070(98) a" 1 = 137.035 999 11(46) 



Dirac eigenvalue 




I. 


999 


857 


988 


825 


2(2) 


1 


999 


857 


988 


825 


3(9) 


Finite nuclear size 







.000 


000 


000 


002 


3 





.000 


000 


000 


002 


3 


One-loop QED 


{Zaf 





.002 


322 


819 


466 


0(17) 





.002 


322 


819 


465 


4(76) 




{Za) 2 





.000 


000 


082 


462 


2 





.000 


000 


082 


462 


2 




{Za) 4 





.000 


000 


001 


976 


7 





.000 


000 


001 


976 


7 




h.o.,SE 





.000 


000 


000 


035 


1(2) 





.000 


000 


000 


035 


1(2) 




h.o., VP-EL 





.000 


000 


000 


002 








.000 


000 


000 


002 







h.o., VP-ML 





.000 


000 


000 


000 


2 





.000 


000 


000 


000 


2 


> two-loop QED 


{Zaf 


-0. 


.000 


003 


515 


096 


9(3) 


-0. 


.000 


003 


515 


096 


9(3) 




{Za) 2 


-0 


.000 


000 


000 


124 


8 


-0 


.000 


000 


000 


124 


8 




{Zaf 





.000 


000 


000 


002 


4(1) 





.000 


000 


000 


002 


4(1) 


Recoil 


m/M 





.000 


000 


029 


198 


5 





.000 


000 


029 


198 


5 


Radiative recoil 


{m/M) 2 


-0 


.000 


000 


000 


025 


3 


-0 


.000 


000 


000 


025 


3 


Hadronic/weak interaction 







.000 


000 


000 


003 


4 





.000 


000 


000 


003 


4 


Total 




2 


,002 


177 


406 


727 


1(17) 


2. 


,002 


177 


406 


726 


5(77) 



as given, e.g., in Eq. (10) of Ref. [33], we then obtain 
the transition frequencies as given in Table 1. 

The ground-state gj factor can be described natu- 
rally in an intertwined expansion in the QED loop ex- 
pansion parameter a and the electron-nucleus interac- 
tion strength Za [28] • We follow the conventions of 
Ref. [25] and take into account all corrections that are 
relevant at the 10 -12 level of accuracy (see Table 2). 
The entry for the ll {Za)° one-loop QED" is just the 
Schwinger term a/(27r) and it carries the largest the- 
oretical uncertainty, because of the uncertainty in the 
fine-structure constant a itself [36] [37] . 

In this note, we attempt to formulate a pro- 
posal by which ultra-accurate g factor measurements in 
hydrogen-like systems with low nuclear charge number 
might be accessible to laser spectroscopic techniques. 
Within the next decade, it is realistic to assume that 
the necessary requirements for experiments will be pro- 
vided that fully profit from both the electric coupling of 
the electron (via optical electric-dipole allowed Lyman- 
a transitions) and from the magnetic coupling of the 
electron (via spin-flip transitions among the Zeeman 
sublevels of the ground state, see Fig. [I]). The accuracy 



of the measurement of the free-electron g factor has re- 
cently been increased to a level of 7.6 x 10~ 13 [38l [29] , 
Within our proposed setup, an accuracy on the level of 
10 -12 . . . 10~ 13 seems to be entirely realistic for bound- 
electron g factors in hydrogen-like ions with a low nu- 
clear charge number. It might be very beneficial if the 
extremely impressive, ultra-precise new measurement of 
the free-electron g factor [29] could be supplemented 
by a potentially equally accurate measurement of the 
bound-electron g factor in the near future, as an alter- 
native determination of the fine-structure constant is 
urgently needed in conjunction with an improved deter- 
mination of the electron mass. 

The authors acknowledge helpful discussions with V. 
A. Yerokhin and K. Pachucki, and support from DFG 
(Hcisenberg program) as well as from GSI (contract 
HD-JENT). 
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